This note reviews recent theoretical developments in the study of charged lepton flavour violation. The first part illustrates the status of precise next-to-leading order quantum electrodynamics calculations for the background of charged lepton flavour-violating processes, with a focus on the muonic "rare" and "radiative" decays. Phenomenological implications of these computations and their impact on present and future experiments will be discussed. The second part describes the recent progress in the effective field theory interpretation of charged lepton-flavour violating observables in connection with different energy scales. A systematic approach is briefly presented and applications on muonic and tauonic observables are reported. This note is submitted as part of the conference proceedings for "NuPhys2016: Prospects in Neutrino Physics".
Introduction
Lepton flavour-violating transitions in the charged lepton sector are accidentally forbidden in the Standard Model (SM). Even with the inclusion of neutrino masses, such processes are extremely suppressed and, consequently, any potential signal of charged lepton flavour violation (cLFV) should be interpreted as an indication of new physics (NP). Therefore, an extended experimental programme has been ongoing for decades in the search for fundamental cLFV interactions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] .
Recently, systematic efforts have been devoted to understanding the theoretical aspects related to the interpretation of the absence of cLFV signals in terms of limits on beyond the SM (BSM) physics. On the one hand, these studies progressed onto the determination of the next-to-leading order (NLO) quantum electrodynamics (QED) background of cLFV decays, on the other hand they brought a better understanding of the effective field theoretical interpretation of the absence of signals in terms of limits on Wilson coefficients of the SM extended with dimension-six operators (SMEFT).
Concerning the first research line, a precise background calculation was carried out for the so-called "radiative" [13] [14] [15] and "rare" [16, 17] decays, i.e. for the processes l → l ′ γ+2ν and l → 3l ′ +2ν (or l → l ′ +2l ′′ +2ν), respectively. Both these channels are important * for the determination of the limits on the branching ratios (BRs) of the two cLFV processes l → l ′ γ and l → 3l ′ (or l → l ′ + 2l ′′ ) because they provide an identical signal in the circumstance where invisible energy tends to zero, especially in view of the new experimental plans to improve the exploring power on these channels by MEG II [18] and Mu3e [19] for the muonic case, and Belle II [20] for the tauonic case.
For the phenomenological interpretation of the absence of a signal in terms of limits on the parameter space of potential BSM scenarios, a systematic effective field theory (EFT) treatment was proposed [21, 22] and further developed with a particular focus on the muonic coherent LFV transitions [23, 24] . This approach consists of expanding the SM (either in its unbroken or broken phase) through a set of higher-dimensional operators with respect to a mass scale parameter, where the latter represents the energy scale at which NP interactions are generated by an ultra-violet (UV) complete theory, hence allowing one to interpret NP effects in terms of deviations from the SM interactions. Moreover, this is the most powerful method to interpret the impact of correlation effects among operators at different energy scales on cLFV observables.
In the next sections, the main recent literature on these research lines will be reviewed and potential future theoretical prospects will be presented. Wherever possible, the broader picture that connects cLFV with neutrino physics and UV completions of the SM will be discussed. Finally, literature on other relevant cLFV processes, such as the incoherent µ → e conversion in nuclei and the neutrinoless double beta decay will also be mentioned.
Precise calculations for experimental backgrounds of cLFV transitions
The fundamental backgrounds for low-energy cLFV transitions are the radiative and rare leptonic decays, i.e. the processes l → l ′ γ + 2ν and l → 3l ′ + 2ν, respectively. Indeed, when the energy of the neutrino pair in the final state becomes very small, the two processes are irreducible backgrounds of the forbidden l → l ′ γ and l → 3l ′ decay modes. Hence, the determination of these decay rates is important for the precise determination of the limits on the cLFV BRs.
In the last six decades, the radiative decay of the muon has been widely investigated [25] [26] [27] [28] [29] ; however, the current experimental knowledge is rather unsatisfactory: the Particle Data Group (PDG) value BR(µ → e2νγ) = (1.4 ± 0.4) × 10 −2 † is affected by an uncertainty of about 30% [30] . The tau lepton and its radiative decays τ → µ2νγ and τ → e2νγ has also been studied by CLEO [31] , BaBar [32] and Belle [33] , and the current PDG values are BR(τ → µ2νγ) = (3.68 ± 0.10) × 10 −3 and BR(τ → e2νγ) = (1.84 ± 0.05) × 10 −2 .
From the theoretical point of view, calculations for the radiative lepton decay are performed in the Fermi theory because full SM corrections are smaller than the NLO QED corrections, hence having no impact on the phenomenological interpretation of current experimental data [34, 35] . While tree-level calculations have been available since the 50s of the last century [36] [37] [38] , it is only recently that full NLO QED computations have been performed, first in [13, 14] and then in [15] .
In particular, in [15] a fully differential Monte Carlo study was presented for the radiative decay of an arbitrarily polarised lepton and maintaining a non-vanishing mass for the lepton of the final state, thus enabling the implementation of arbitrary cuts to mimic closely the experimental framework. The NLO QED matrix elements were computed both in conventional dimensional regularisation ‡ and the four-dimensional helicity scheme § (FDH) [52] , and full agreement was found for the final physical result ¶ . On top of this, the on-shell scheme was adopted to renormalise masses and couplings, and soft infra-red (IR) singularities were treated by means of the Frixione-Kunszt-Signer (FKS) subtraction method [55, 56] .
Apart from the precise calculation of background for tailored studies at specific experiments, other phenomenological issues are clarified by this computation: in [13] , a discrepancy of ∼ 3.5σ was found between the theoretical prediction and the BaBar result for the tau radiative decay in association with an electron. The crucial point is that this measurement was done using rather stringent cuts on the final state and then converted to the standard cut. However, the sizeable terms proportional to log (m e /m τ ) of the QED NLO correction play a fundamental role in such conversion, and [15] shows that their systematic inclusion may reduce the tension to ∼ 1σ. † Hereafter, to make the quantity well defined, a standard experimental cut on the photon energy ω0 = 10 MeV is understood.
‡ Exploiting the tools [50, 51] .
¶ The equivalence between the two schemes is described in [53] . See also [54] and references therein for a recent review on regularisation schemes.
The only experimental information available for the rare leptonic decay regards the muonic µ → 3e + 2ν transition measured long ago by the SINDRUM collaboration [57] and the τ → 3e + 2ν measured by CLEO [58] , and their corresponding values according to the PDG [30] are BR(µ → 3e+2ν) = (3.4±0.4)×10 −5 and BR(τ → 3e+ν) = (2.8±1.5)×10 −5 .
As regards the theoretical approach to the estimation of the BRs, in complete analogy with the radiative decay, the calculation is performed in the framework of the Fermi theory. On top of tree-level studies [59] [60] [61] [62] , recently the QED NLO corrections also became available [16, 17] .
Specifically, in [17] the rare decay was computed for a polarised muon in the initial state and maintaining a non-vanishing mass for the lepton of the final state by means of a fully differential Monte Carlo program. The NLO QED matrix elements were computed in the FDH scheme and soft IR singularities were treated by means of the FKS subtraction method, as described in the previous subsection.
The most important outcome of such computation concerns the differential distribution of the BR with respect to the invisible energy E inv carried by the neutrino pair. This distribution displays an interesting behaviour in the limit E inv → 0, which is the region where the background mimics the cLFV signals; here, the NLO QED corrections are negative and approaching ∼ −10%. Hence, there are substantially fewer background events than expected from the simplistic tree-level computation, and this has a favourable impact on the efficiency of the searches for cLFV signals.
EFTs for cLFV observables
In the absence of any evidence for NP at high-energy colliders, the EFT approach to BSM physics is becoming more and more popular in the particle physics community. The SMEFT or analogous setups with the inclusion of higher-dimensional operators [63] [64] [65] [66] [67] [68] has become a standard mainstream approach adopted for phenomenological studies of the Higgs boson [69] [70] [71] , neutrino sector [72] , B-physics [73] [74] [75] , et cetera.
In the past few years, a lot of effort has also been devoted to including the study of cLFV observables in a consistent EFT approach with higher-dimensional operators. In this connection, the one-loop matching of a subset of dimension-six operators with the l → l ′ γ dipole interaction was performed in [76] , then the complete set was considered in [21] where also renormalisation-group evolution (RGE) effects of the operators were taken into account in a systematic way . Consequently, it was possible to interpret the MEG limits on BR(µ → eγ) [80] and the BaBar/Belle limit on BR(τ → e(µ)γ) [5, 6] in terms of new constraints on the parameter space of some SMEFT Wilson coefficients defined at the high-energy scale that were previously unbounded by low-energy experiments.
Thereafter, the impact of specific low-and high-energy searches was compared in [22] . In this connection, it was found that LFV decays of the Z-boson (i.e. Z → l 1 l 2 ) are much more constrained from low-energy experiments than from the limits of current (and possibly future, as discussed also in [81] ) direct searches at high energy.
An independent calculation of the complete set of SMEFT operators anomalous dimensions was presented in [77] [78] [79] .
Then, the study of cLFV within the framework of a QED EFT * * was performed systematically in a one-loop † † RGE-improved scenario [23, 24, 91] . Focusing on the muonic sector, the three processes µ → eγ, µ → 3e and coherent nuclear µ → e conversion were studied considering the RGE of the Wilson coefficients between the electroweak and the experimental scale (Λ = m µ for the muonic decays and Λ ≃ 1 GeV for the conversion in nuclei). As a result, muonic decay and conversion rates were interpreted as functions of the Wilson coefficients at any scale up to m W . Taking the experimental limits on these processes as input, it was found that a considerable set of Wilson coefficients unbounded in the tree-level approach were instead severely constrained. In addition, correlations among operators were studied both in the light of current data and future experimental prospects, illustrating the complementarity of searches planned for the MEG II [18] , Mu3e [19] and COMET/Mu2e [92, 93] experiments.
Keeping in mind the ultimate goal of the EFT approach, it is worth mentioning that a plethora of UV-complete models designed for the most different reasons can be matched effectively to cLFV operators and become part of the discussed analysis ‡ ‡ .
Finally, one should also bear in mind that the dimension-up-to-six operatorial setup is not sufficient to include lepton-number violation in the systematic approach described above, and more should be done to effectively describe UV-complete scenarios that provide incoherent µ → e conversion in nuclei [97] [98] [99] and the neutrinoless double beta decay [100] [101] [102] .
Conclusion
This document reviewed recent developments and literature concerning cLFV in the context of precise calculations for irreducible backgrounds and EFT interpretation of the current and future outcomes of cLFV experiments. * * Exploiting the same operatorial basis introduced by [82, 83] .
† † In addition, specific leading order two-loop terms of the RGE were included to provide important qualitative new effects. Previous constraints on Wilson coefficients have been extracted at the scale of the experiments for cLFV lepton-quark [84, 85] , lepton-tau [86, 87] , four-lepton [88] and lepton-gluon [89] operators. Furthermore, in [90] , the impact of LFV tensor and axial-vector four-fermion operators that couple to the spin of nucleons was studied.
‡ ‡ See [94] [95] [96] for model setups that are favourable to the interpretation of neutrino observables.
